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BBEJAEHUE

KomOunHaTopuka (KOMOMHATOPHBIA aHAU3) — 3TO Pa3e]l MAaTEeMATHKH, B
KOTOPOM pEIIAroTCs 3a7jaui BHIOOpA M PACIIONIOKEHUS 3JIEMEHTOB HEKOTOPOTO,
OOBIYHO KOHEYHOTO, MHOXXECTBA B COOTBETCTBHH C 33/JIaHHBIMHU TMpPaBUIAMHU.
Kaxnoe Takoe mpaBuiio OINpeAersieT crnocod TMOCTPOCHUsSI HEKOTOPOu
KOHCTPYKIIMU W3 JJIEMEHTOB MCXOJHOTO MHOXeCTBa. Takyr KOHCTPYKIIHIO
MPUHATO HAa3bIBATh KOMOMHATOPHOM KOHPUTYpaIrei.

KomOuHaropuka pa3BuUBaeTCsi BO B3aUMOJCHCTBUU C  aireOpoi,
reoMeTpuen, reopueit BepostHocteld. KomOuHatopHbie KOHGUTYpallUd HAXOASIT
npyUMEHEHUEe B MH(POpPMATUKE, CTATUCTUYECKON (pu3mke, OMOIOTUU M JPYTUX
HayYHBIX JUCIUILIMHAX.

Hacrosiumme Meroaudeckue yKa3aHUSI COCTaBJIEHbI sl oOecreyeHus
MPaKTUYECKUX 3aHATHI U CaMOCTOATENIbHON pabOThl CTYJEHTOB IPH HU3yYECHHH
auciuiine - «Marematuka», «Teopuss  BEpOATHOCTEW, MaTeMaTHYECKas
CTaTUCTHKA M CiIy4ailHble Ipoueccb». MeToaudyeckue yKazaHus MOTYT OBbITh
UCIIOJIb30BaHbl MpU MOATOTOBKE OakajlaBpOB MO Y4YEOHBIM IUJIaHAM OYHOW U
3a04HOM (popM 00yUeHHUS.

B pabore mpexncraBieH MaTepuanl MO CICAYIOUIUM  TeMaM:
KOMOMHATOpHBIE 4YHCIa W OOBEKTHI, METOJ MAaTeMaTUYeCKOW WHIYKIIHH,
MPaBUJIO BKIIIOUEHUN W UCKITIOYEHHH, CIlydailHble COOBITHUS U MX BEPOSTHOCTH,
Clly4ailHbI BHIOOp O€3 BO3BpaAllleHUsS U C BO3BpaiieHueM. i KakJIoi Tembl
MIPUBE/ICHBI KPATKUE CBEICHUS W3 TEOPUHU, PACCMOTPEHBI NMPUMEPHI PEIICHUS
3a/lay, TMpPEACTABICHbl BapUaHTBl 3aJaHUN JJI1 KOHTPOJIbHBIX paboT u
CaMOCTOATENBbHON paboThl cTylneHTOB. Hymepanuss ¢opMyn U pPHCYHKOB B
TEKCTE€ METOJUYECKUX YKa3aHUU MPUHATA CKBO3HOM B KaXI0M pa3fele.

B cnucok nutepaTypHBIX HCTOYHHUKOB aBTOPHI BKJIFOYUIIM W3BECTHBIC
ydeHble TTocoOust U cOopHUKH 3amay [1-4,6,8,9], a Taxke ydeOHYO JUTEpaATYpYy,
aBTOpaMu KOTOpo#t siBisitorcst ipenofgaBateny DTU (pumman) CITY [5,7].



1. 2JIEMEHTBI KOMBUHATOPUKHU
8 1. KoMOMHATOpPHBIE YUCJIA  00bEKTHI

1.1. HexoTopsble cBeleHUS U3 TEOPUH MHOKECTB

ITonsiTHE MHOJICECMB0 OTHOCUTCSA K MCXOAHBIM IIOHSATHSAM MAaTEMaTHKU.
OHO 0003HayaeT HAaOOp, COBOKYIHOCTh KAaKUX-THOO OOBEKTOB, HA3bIBAEMBbIX
onemenmamu  Muodxcecmea. Ecim srneMeHT a BcTpedaercs B Habope,
IIPEICTABIAIONIEM JAaHHOE MHOXKECTBO A, TOBOPAT, YTO 3JIEMEHT IMPHUHAJICKUT
JaHHOMY MHOKeCTBY: a € A. Jliis1 0003HaUEHUsI 1YCmo20 MHO#CECmEd, TO €CTh
MHO>KECTBA, KOTOPOMY HE€ NPUHAJIC)KUT HA OAHOTO DJIEMEHTA, UCIOJIb3YETCs
cuMBOJT & . MHOXKECTBO, COiepKalee KOHEUHOE YHCIIO DJIEMEHTOB, Ha3bIBAIOT
KOHEUHbIM MHOICECBOM.

Ecam  Kaxnapli 3J€MEHT, KOTOPBIM MPUHAMJIEKUT MHOKECTBY A,
NPUHAJIEKUT B TO K€ BpeMs MHOXKECTBY B, ToO MHOXeCTBO A Ha3bIBAIOT
noomnoocecmsom MHOXectBa B : Ac B (A Brimouaercs B B). IIpunsTo, uro

JUTS TF000r0 MHOKECTBA A BBINIOJHAIOTCA BKIOUueHnss AcC A, < A

Ecnu Bemomnnstorest yenosus A B u B A, rosopsar, uto A u B —
pashbvie mHodxcecmea. A=B.

MuoxkectBo U  Ha3pIBaeTCs yHUBEpCANbHbIM, €CIH I JI000TO
MHOXecTBa A, KOTOpOe MOXEeT OBITh PAacCMOTPEHO B JaHHOW 3ajade,
BeITIONTHsIeTCS ycinoBue AcU. B ciydae, korga yHHBEpCaldbHOE MHOXKECTBO
ompenesieHo,  JIIo0oe  MHOXKECTBO  MOXKHO  3aaTb € TIOMOIIBIO
XapaKTEPUCTUYECKOTO yCJIOBUS: €CIU JJI1 JIaHHOTO DJIEMEHTAa YCJIOBHE
BBITIOJIHAETCSI, TO AJEMEHT MPUHAIJIC)KUT MHOXKECTBY, €CIIM HE BBIMOJHSICTCA —
HE MPUHAJJICHKUT.

I[Ipumep.l1l.l. Onpenenutb Ha MHOMXECTBE JCHCTBUTEIBHBIX YHCEN
oTpe3ok [a,b].
B nannom mpumepe U=R, A=[a,b]. O6o3naunm yepe3 X Mpou3BOIBHOE

JNCHCTBUTEIILHOEC YHCIIO. Torma [a,b]={xeR | a<x<b}. Poub
XapaKTEPUCTHUECKOTO YCIIOBHS BBIOIHSET ABOMHOE HECTPOrOe HEPABEHCTBO.

C MHOXecTBaMU NPOU3BOJIBLHON MPHUPOJBI MOYKHO COBEPIIATH ONEpalUU
OOBEMHEHUS U TIepEeCceUYeHUs], ONPEEIsATh PA3HOCTh MHOXECTB U JIOMOJIHEHUE
MHOecTBa. [IpuBenem onpeneneHus 11 yKa3aHHbIX ONEpalni.

Ob6veounenuem wmHOxkectB A u B (obo3Hauaercs kak AUB)
HA3bIBACTCS MHOXKECTBO BCEX TEX MW TOJBKO TEX DJJEMEHTOB, KOTOPHIC
MpUHAAICKAT XOTsI Obl omHOMY W3 MHOXecTB A, B. CumBoibHas 3ammch
JAHHOTO OTIPECIICHU:

AUB={xeU|xeA wm xeB}



Ilepeceuenuem muoxectB A u B (06o3nauaercs kak AN B) HaszpiBaeTcs
MHOKECTBO BCEX TE€X M TOJBKO TEX AJIEMEHTOB, KOTOpbIE TpuHamIexaT 1 Au B,

TO €CThb
ANB={xeU|xeA u xeBj}

Pasnocmvio muoxkects8 A u B (o0Oo3nauaercs kak A\B) naspiBaercs
MHOKECTBO BCEX TE€X M TOJBKO TE€X ASJIEMEHTOB MHOXECTBAa A, KOTOpbIE HE
npuHamiiexar B, To ectp

A\B={xeU|xeA u xgB}

Hononnenuem w™HOXectBa A (oOo3Hadaercss kak A, wm —A)
HA3bIBACTCSI MHOXKECTBO BCEX TEX M TOJIBKO TEX DJJIEMEHTOB, KOTOPHIC HE
npuHajiexar A, To ecTbh

—A={xeU|xeA]

HarnsnHoe npeacrapieHne o0 3TUX ONepalusix Aal0T ouazpammel Benna.
Ha takux nuarpamMmmax MHOKECTBA M300paKaroTCs MPOU3BOJIBHBIMU (hUrypamu,
JeKalMMHU B IIJIOCKOCTH, COOTBETCTBYIOIIEH YHUBEPCAIbLHOMY MHOXecTBY U .
NnmrocTpanny JaHHBIX onepanuyd B BUAE auarpaMM BeHHa NpuBEACHBI Ha
puc.1-4.

Puc. 1. ObrenuHedtHe MHOEECTE Puc.2 IlepecedeHHE MHOEECTE

Puc.3 PasgHocT: MEHOKECTE Puc 4. JomonseHHe MHOXECTEAR

Jns mpencraBieHrss O CBOMCTBaxX OIEpalMil HAJ MHOYKECTBAMU HPUBEIAEM
HEKOTOPBIE TOXKIECTBA TEOPUU MHOKECTB:
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AuB=BUA AnB=BnA — CBOMCTBO KOMMYTaTUBHOCTH;

(AuB)UC=AU(BUC),

— CBOMCTBO aCCOIMAaTUBHOCTH;
(AnB)NC=ANn(BNC)

A=A AnD =0,
AN-A=0, AuU =U, - neiicTBus ¢ MyCTHIM U YHUBEPCATBLHBIM MHOKECTBAMH;

AnU =A AUu-A=U

(1.1)
—A=A — MIPaBUWJIO ABOMHOTO JOMOJHEHUS (ABOMHOTO OTPUIIAHNSA);
AUA=A ANnA=A — CBOMCTBO HJICMIIOTEHTHOCTH;
AN(BuC)=(AnB)U(ANC), .
— CBOMCTBO TUCTPUOYTUBHOCTH;
Au(BNC)=(AuB)n(AuUC)
—|(AU B) = —|Aﬁ—|B,
— mpaBwiIo Ae Moprana
[Iycte npmamee A,B  — mpousBonpHBIE MHOXECTBa. /lexapmogo

npoussedenue MHOXecTB A u B (o0o3Hauaercs kak Ax B) — 370 MHOXECTBO
BCEX YIOPSIOYCHHBIX Tap (X, X,) Takux, 4to X, € A, X, € B.

[Mpumep.1l.2. Tlpu 3anwcu MmAXMAaTHOH TAPTUH  HCHOJB3YIOTCA
MHOkecTBa A= {a,b,...,h} — 11 0003HAYCHUS BepTuKaiei, u B = {1,2,... ,8} —

I 0003HaueHusT Topu3oHTaner. [lomst maxmaTHON MOCKM O0O03HAYAOTCS C
TOMOIIBIO dTeMenToB MHOKecTBa Ax B ={(a,1),(a,2),...,(h,8)}.

3aMCTI/IM, qTo MOXHO IMOCTPOUTH ACKapTOBO IMPOU3BCACHHNC
IMPOU3BOJIBHOT'O YMUCJIa MHOKCCTB!

A XA X XA (%) X €A, i=1..,n}. (1.2)

YropsiiodeHHbI HabOp 3nmeMeHTOB  (X,...,X ) Oymem namee Ha3bIBaTh

8EKMOPOM.
B cinyuae, korga B npousBegeHuu (1.2) Bce MHOXHUTENN PaBHBI MEXKIY
coboit, To ectb A =A, =...=A =A, roBopar npo dexapmosy cmenenv A"

MHodcecmea A.



1.2. MeToa MmaTeMaTH4YeCKOl UHAYKIIUH

Meton MaremMaTH4YeCKOW WHAYKIUU SIBISETCS OJHUM U3 CIOCOOOB
CTPOTOTO JI0KAa3aTeJlbCTBA NPEMIOKEHUNU (YTBEPXKICHUI), 3aBUCSIIIMX OT
HaTypajbHOTO aprymeHTa. CyTh METO/1a 3aKJIFOYAETCS B CIECTYIOLIEM.

Ilycmv m — namypanvnoe uucio, m=>1 u P(N) — npeonoscenue,
3aeucsaujee om N, 20e N>M.
Ecnu
1)  P(m) cnpaseonuso,
2) P(N) 6yoyuu ucmunnvim npeonodicenuem, enedem UCHMUHHOCHLb
npeonodxcenus P(N+1) onsa nroboeo namypanvuozo n, N >m,
mo P(N) — ucmunnoe npednosicenue ons 1106020 namypaivro2o N, N >m,

[Iynkt 1 npuHATO Ha3bIBaTh 0a30il MHAYKIMHM, MYHKT 2 — IIaroM WHIYKIUU.
Jonymenne B myHKTe 2  copaBeamuBoctd  P(N)  —  MHIYKTHBHBIM
IIPEATIOTIOKEHUEM.

[MIpumep.1.3. JokazaTe, 4TO ISt TFOOOTO HATYPATHHOTO N BBITOIHAETCS

PaBEHCTBO
n(n+1)(2n+1)

6

1) YcranoBuM MCTUHHOCTH 0a3bl MHAYKIUU. [Ipy N=m=1 umeem HUCTHUHHOE
1-(1+1)-(2-1+1)
5 .
2) Jlokaxkxem, 4TO0 0OOCHOBAH IIar UHAYKIUU. JleHCTBUTENBHO,
P+22+..+n°+(n+D)*=Q* +2° +...+n*) + (n+1)?,
TO €CTh, COTJIACHO UHIYKTUBHOMY MPEATIOJIOAKEHHUIO,

PP+2°+..4n* =

paBeHcTBO 17 =

1P+22+...4+n*+(n+1)° = n(n+1)(2n+1) +(n+1)>%.
B cuny
n(n+1)(2n+1) L (n+1)? = (n+1)((2n” +n)+6(n+1)) _
6
_2(n +1)(n* +3,5n+3) _2(n+)(n+15)(n+2) _
6 6
_(n+)(n+2)(2(n+) +1)
5 :
oJTy9acm
1P +2° +...+n*+(n+1)° = (n+H(n+2)2n+1+1)
6

[Tocnennee o3HavaeT, 4TO IIAar MHIYKLIUU PEeaTu3yeTcs.



HctunHocTh 0a3bl MHAYKIMM M OOOCHOBAHHOCTH Iara WHIYKIHH
JIOKA3bIBAlOT, 4YTO JAHHOE€ B YCIOBUM PAaBEHCTBO BBINOJHIECTCA IS BCEX
HaTypaJbHBIX YNCEIL.

1.3. IIpaBuj10 CyMMBI M IPABUJI0 TPOU3BEIeHUSA

[IpaBuno cyMMmbl U TMPaBUIO MPOU3BEJACHUS OTHOCITCS K OCHOBHBIM
MPUHIIUIIAM KOMOUHATOPUKH. JIJIsl KaXK0ro rnpaBuiia npuBeaeM GopMyIrupoBKU
COOTBETCTBYIOIIMX TEOPEM U PACCMOTPUM MIPUMED.

Teopema (npaBuio cymmsl). Eciu ons K=1,...,n snemenm Xy mooicHo
evloOpamv My cnocobamu, Npu4ém 6vl00p O0O0HO20 IleMeHma UCKIYaem
00OHOBPEMEHHDBIU BbIOOP OPY2020 JJleMEeHmad, Mo HUCIO Chocobo8 6vblOpamb
«1ub0 X1, OO X2, ... IUOO Xp» pagro Mi+my+...+my .

Teopema (mpaBwio mpousBenenus). Eciu ons K=1,...,n anemenm X
MOJICHO 8blOpamsb My cnocobamu, mo HUCIO Cnocobo8 6blOpamv GeKMop
(X,se-2X.) pasuo my-My-...-Mpy .

3aM€TI/IM, qTO  AO0Ka3aTCIbCTBO IIPHUBCIACHHBIX TCOPEM  IIPOBOJUTCA C
HCIIOJIB30BAaHHUECM MCTOAA MaTEeMaTHYECKOM HHAYKIOHH.

I[Ipumep.1l.4. Ilycth uMeeTcs MATh KPAaCHBIX M CEMb CHHHUX IIapOB.
Torna umeercss 5 crnocoOOB BBIOPATh KpacHbIM IIap U 7 crmocoOOB BHIOpATh
cunuii map. KonmdecTBO crmocoOOB BbIOpaTh OAMH Iap 0Oe3 yuera IBeTa
omnpeensaeTcs Mo mpaBuily cyMMbl kKak 5+7=12. KonuuecTBo cioco00B BEIOpaTh
CrepBa KpacHbId IIap, a 3aTeéM CHUHHW IIap ONPEAENSeTCS IO MPaBUILY
npou3BeneHus Kak 5-7=35.

1.4. Pa3MelieHUs1 ¥ epPeCTAHOBKHU

PaccMoTpuM KOHEYHOE MHOXKECTBO X, cojepxkaiiee N 31eMeHTOB. bynem
Ha3bIBaTh BEKTOPBI (X ,...,.X. )€ X", M<N ynopsdoueHuvimu m-ebi00pKamu
uiu pazmewjerusmu uz N 91eMeHmos no m.

Uucno pa3nuyuHbIX pa3MenieHud w3 N 1Mo M 0e3 MOBTOPEHUM 3JIEMEHTOB
BBIUUCIISIETCS IO IPABUIIY YMHOKEHUS U COCTABIISIET

n!
"=n(n-1)..h-m+1)=—"—. 1.3
A =n(-D.@-me) = T (13)
B ¢opmyne (1.3) ucnonw3oBan ghakmopuar, TO €CTh BEIMUUHA
1, n=0,

n-(n-1)-(n-2)-...-2-1, n=1,2,3,...

B cnygae m=n ¢opmyna (1.3) naer uucio nepecmanook uz n snemeHmos
P =n! (1.4)



HpaBI/IJ'IO YMHOKCHHS ITO3BOJIACT TAKIKC OIIPCACIUTD YUC/IO pasmemenuﬁ u3 N no
m C nOBMOPEHUAMU ITIEMEHMOE
A"=n". (1.5)

PaCCMOTpI/IM IMPUMCPHI ITIOACUYCTA YHUCJIa paSMGHIGHI/Iﬁ " IICPCCTAHOBOK.

[Mpumep.1.5. Umeercs wmuoxkectBo 1mdp D={0,1,...,.9}. Ckonbko
pasnuYHBIX MUGPOB W3 TpeX MHU(PP MOXKHO COCTAaBUTh B Clydasx, KOTIa
MOBTOPHI I 3anpenieHsbl 00 pa3peiieHbl?

Nmeem n=10, m=3. B cnyuae, xorja mOBTOpHI IM(p 3ampeuicHbl,
KoJmaecTBo mudpoB onpeaensercs no Gopmyse (1.3) u cocraBuseT

AL :i:@:10-9-8:720.
o-3)r 7
Jlns ciywasi, Korja TMOBTOpPHl LHM(P pa3pellieHbl, KOJIMYECTBO MHUGPOB

onpenensiercs no gopmyrne (1.5) kak A2 =10° =1000.

I[Tpumep.1l.6. CkomabKo CIOCOOOB CYIIECTBYET ISl TOTO, YTO PACCATUTh
12 3puTeneii B 3ane, e uMmeercs 12 mect?

Jlanast 3amaya CBOJUTCS K TMOJACYETYy 4YHCIAa TEPEeCTaHOBOK u3 12
anemeHTOoB. @opmyina (1.4) mo3BomseT Beraucanth P1,=121=479001600.

PaccMmoTpum Tenepb MHOXKECTBO U3 N 3JIEMEHTOB P YCIOBUH, UTO CPEIU
HUX MBI pa3in4aeM M THIOB 3ieMeHTOB. IlycTh Ki aeMeHTOB OTHOCATCS K
NepBOMY THUIY, K» 2JIEMEHTOB — KO BTOPOMY, M TaK Jajiee, BIUIOTh 10 Kp
3NIeMEeHTOB mocienHero tuma. [lpu stom Kit+kpt+...+kpn=n. Ecim snemeHTHI
OJTHOTO M TOrO € TUMNa JUIi HAac HEPas3IMYUMBbl, TO YHCIO IEPECTaHOBOK
JOJDKHO TIOJIy4aThCcsi MeHble, yem 1o dopmyne (1.4). [eiicTBuTenbHO, B
JAHHOM CJIy4ae Mbl NOJIy4aeM NepecmaHo8Ku ¢ nogmopeHusmu. Yuciao Takux
NIEPECTAaHOBOK PaBHO
(k, +k, +...+k)!

k!k,!. K, !

I[Ipumep.1l.7. Ilyctb umeercs 12 mapoB, U3 HUX MATh KPACHBIX U CEMb
cuHuX. CKOJBKO PAa3HBIX MEPECTAHOBOK MBI MOYKEM IPEACTABUTH, HE pa3jinyas
OJIHOIBETHBIC IIAPhI?

[Mpumenum dopmyiy (1.6) mpu m=2, k=5, k,=7. Torma uckomoe 4nCIIO
NIEPECTAaHOBOK PABHO

y- G712 89101112
571 571 5.4.3.2.1

CpaBHeHUE pe3yJIbTaTOB JBYX MOCIEIHUX MPUMEPOB WILTIOCTPUPYET Pa3HHUILY
MEXIy MePECTaHOBKAMHU C TOBTOPEHUSIMU U 0€3 MOBTOPEHUH.

Pk, Ky,...k. ) = (1.6)

P(5,7 ~=8.9.11=792.



1.5. Coueranus

B nauajne nanHoro ITYHKTa JOKaXCM CJICAYIOIICC YTBCPKICHHC.

Teopema. Yucno ecex M-o1emenmublx HEYnops004eHHbIX
noc)muoofcecme MHOMHCecmaea U3 N 2j1emMeHmos pa6H0
n! nn-1)...n—-m+1
" _ _n(n-1)..( ) w7)

" mi(n-m)!  m(m-=1)-...-2-1

I{Hﬂ A0Ka3aTCJIbCTBa PACCMOTPUM CIICPBA PA3JIMYHBIC YIIOPAJOYCHHBIC
M-3JIEMEHTHBIC BI)I60pKI/I U3 HdAHHOI'O MHOXCCTBA. Yucno Ttakux BBI60p0K
OIIPpCACIIACTCA KaK A:n . 3aTem YUYUTBIBACM, YTO B I[aHHOﬁ TCOPCMC pPCYb UIACT O

HEYIOPSIOYCHHBIX  IMOAMHOXECTBaX. UHMCIIO TakuX IOAMHOXECTB  IIO
OTHOMICHHUIO K A" YMEHBIIAETCS KPATHO YUCITy TIEPECTAHOBOK M3 M 3JIEMEHTOB.
Torma C"=A"/P,, uro mpuBomutr c yuetrom Qopmyn (1.3) u (1.4) k
pasenctBy (1.7).

HOI[MHO)KCCTB&, paCcCMOTPCHHBIC B  TCOPEMC, HA3bBIBAIOT  TAaKXKC
couemanusimu uz N anemenmos no M. BenuuuHa Cr:n HOCHUT HA3BaHHUC YUCJIO

couemanutl 6e3 nosmopenuti uz N anemenmos no M. IlpuBenem 6e3 BbIBOAA
HEKOTOPBIE U3BECTHBIC TOXKIECTBA JIJISI YUCIIA COYCTAHUI

Cr=cr",  Cr=Cri+Cr,  YCr=2', Y(@Cry=ci. (18
m=0 m=0

3ameTum, 4to TpeThs ¢Gopmyna u3 (1.8) Mmo3BoJisieT OTBETUTH HA BOIPOC:
CKOJIBKO BCETO CYIIECTBYET MOAMHOKECTB Y MHOXKECTBA U3 N 2JIEMEHTOB?

[Ipumep.1.8. Bo3pbmeMm Te xe MATh KPACHBIX U CEMb CHHHUX IMIapOB,
KOTOpbIE HCIIOJIB30BAIM B TpeAblaymux mpumepax. CKOJBKO BapUaHTOB
CYIIIECTBYET JJI TOTO, 4YTOOBI BHIOPATH JIBA IIapa OJJUHAKOBOTO I[BETA?

JInst oTBETA HA MOCTABJICHHBIN BOMPOC BBIIOJHUM CIIEYIOIIUE AECUCTBHUS.
1) Onpeaenum 4uciIo BApUAHTOB ISl BBIOOpA IBYX KPACHBIX IIAPOB
8 _45_,

2031 1.2
2) OmnpenenuM 9MCI0 BApUAHTOB I BBIOOpA JIByX CHHUX IIApOB
m, =C? :l=ﬂ=21
2151 1.2
3) Bocrnosb3yeMces MpaBUIOM CYMMBbI M HaiJieM HMCKOMOE YHCIIO BapHaHTOB
BbIOOpA Mapbl OJHOLBETHBIX apoB M=m, +m, =10+21=31.

m =C

Jnst  ciydasi, KoOrja »dJ€MEHThl MOTYT HCIOJb30BAaThbcsl B Habope
HCCKOJIBKO pa3, IPUMCHAIOT YUCI0 couemanuil ¢ noemoperuiAmMu U3
N snemernmos no M

En_cn _(n+m-1)!

"= Ol = D (1.9)

9



[Ipumep.1l.9. Ckoabko pa3HBIX pE3yJbTaTOB MOXHO MOJIYYUTH MPH
OpocaHMM IBYX UTpaibHBIX KOCTe? OTBET AaTh AJIs CIEAYIOMIUX CUTYallUM
1) ecnu MBI OTJIMYaEM OJHY KOCThb OT JAPYIro; 2) €ciu KOCTH HEpa3InYUMBbI
MEKTy COOOH.

B mnepBoM ciydae 4HCIIO BapMaHTOB M OMNpEAENSieTCs MO MpaBUILY
NpOM3BEACHUSA, TO  €CTh  M=M;-My=6-6=36. Bo BTOpoM  ciy4ae
m=C’=C? =21.

1.6. bunom Herotona. IlotunomuanbHas popmyJia

Tepmun 6unomuanvnas gopmynra Heromona (6unom Hviomona) — 310
UCTOPUYECKH CIIOKUBIIICECS] Ha3BaHHUE ISl CICAYIOMIETO YTBEPKICHUS

Teopema. Jlna npoussonvhvix uucioswvix eenuyun a,b npu n=0,1,2,...
CNpaseou8o paseHcmeo

(a+b)" =Y Cra"b" (1.10)

Jlns  mokasaTenbCTBa TEOPEMbI TMEPEMHOKHUM IOCIeA0BaTeIbHO (a+Dh)
n pas. Ilonyunm cymmy u3 2" ciaraembix. Kaxmoe cimaraemoe OyaeT MMeETh
By 010s...ds, rae di=a mubo di=b (i=1,...,n). Jlanee crpynmnupyem ciaaraeMmbie ¢
OJTMHAKOBBIMH CTETEeHsAMH D, U npencraBum

(a+b)" =>B,a""b".
m=0

Bennunna By, paBHa uuciy ciaraeMsix, cojepikanux crernens b™. 3amernm, 4to
KOJIMYECTBO TAKHX CIAraeMbIX pPaBHO YHUCIY CIOCOOOB ONpENCIUTh B
npousseaeHnu didy...d, poBHO M MHOXHTeNeH Kak di=b. [[pyrumu cnoBamu, Br,
PaBHO YKCJTy Pa3IMYHBIX HEYTOPSAA0UYEHHBIX BEIOOPOK M3 N 35ieMeHTOB 1o M. Ho
torna B, =C" u mbl npuxogum k ¢popmye (1.10).

®opmyna (1.10) mas 1enbIX HEOTPHUIATSIBHBIX 3HAYEHUH N OblIa
U3BECTHA 3a70iro 70 HproTOHa, HO eMy ynanoch O0OOIIUTH pe3yNbTar IS
ciydas IpOoOHBIX W OTPHIATEIBHBIX TOKa3zaTenei crermeHu. Yuciao coueTaHuid
C", xoTopoe ucmoib30BaHO B (hopmyse OmHOmMa HploTOHA, TMPHHATO TaKXKe

n o
Ha3bIBAThb OUHOMUATbHBIM KOIDDUYUEHMOM.

JUist  BpIUMCIEHUST OMHOMHMAIBHBIX KO3(P(QUUHUEHTOB TMpPU  MajbIX
3HaYeHUIX N yI0OHO MOJIB30BATHCS TaK HA3BIBAEMBIM mpeyeoibHukom Ilackans.
B »T0il TpeyronbHON Tabnuue Hymepauus CTpOK HauumHaercs ¢ 0, cTpoka c
HOMEPOM N CONEPKUT OMHOMHUAIBbHBIC KO3 duImeHTh! 111 pasnoxenus (a+h)".
Kaxapiit koadduiimeHT, KpoMe KpaiHUX JABYX, KOTOpbIE PaBHBI 1, BEIYUCTSETCS
KaK CyMMa COOTBETCTBYIOMIMX KOA((MUIIMEHTOB NPEAbIAYIIEH CTPOKUA. ITO
npaBuio o0ycioBiaeHo BTopoit dopmynoit u3 (1.8). Ha puc.5 mpuBeneHs
nepBble 10 cTpok Tpeyronbhuka [Tackans
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Puc.5. ®parment tpeyroasuuka [lackans(n=0,1,2,...,10)

[Ipumep.1.10. YactueiM ciayyaeM OuHomMa HploTOHA SBIAIOTCS
U3BECTHBIE M3 Kypca IIKOJBHOW MaTeMaTHuKd (OpMYJIbI COKPAIIEHHOTO
YMHOXKEHHSI — KBaIpaT CyMMBI 1 KyO cymmbl. Harpumep,

3
(a+b)* =Y Cra™"b" = Cla™*b” +Cla™b’ + CZa™?h’® +Cla™h’ =
m=0

=a’+3a’b+3ab’® +b°.
3Ha‘-ICHI/IH 6I/IHOMI/IaJ'II>HBIX KOZ)(i)(bI/IHI/IeHTOB MOXHO BBIYUCIUTE IIO (IJOpMyHC
(1.7) wm B3sTH M3 TpeyroapHuka [lackars.

[IpuBenem nanee 6e3 BHIBOJA HOAUHOMUANLHYIO POPMYIY

(B +8,+.43) = T PK.K,.k, Jalas.. as. (111)

ky+Ko+...+Kp=n

Tonunomuaneruvie  koappuyuenmor  P(K,K,,....k ) B dopmyne (1.11)

OTIPENICNAIOTCA KaK YUCJIO MEPECTAaHOBOK C MOBTOpeHUsMU 10 dopmyie (1.6).
[Tpu n=2 popmyana (1.11) cBoaurcs k buaomy Herotona (1.10).

§ 2. MeTo1 BKJIKYCHUH U UCKJIIOYCHUI

B nannom maparpade Oyner paccMoTpeHa ¢opmyna 6KaroueHul u
UCKIIOYeHUll, KOTOPas TTO3BOJISIET HAXOAUTHh YUCIIO DJIEMEHTOB B OOBEIMHEHHUU
KOHEYHOTO 4YHCJIa KOHEYHBIX MHOXXECTB. YCIOBUMCS O0O3HAYaTh YHCIIO
9JICMEHTOB B IMPOM3BOJILHOM KOHEUHOM MHOKecTBe A depes M(A).

Teopema. Ilycmb Ai,..., An — npou380IbHBIE KOHEUHbIE MHOMCECMEA.
Toz0a cnpaseonusa popmyna KIOUEHUL U UCKTIOYEHUL

m(AU..UA) = Y m(A)- Y m(A NA)+

I<i<n I<i<ip,<n

+ 2XMANA NA)+.+ED"MANA NLNA).

1<y <ip<ig<n

(1.12)
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Jloka3aTreiabCcTBO TEOpPEMbl MOXKHO HaWTH B ydeOHoW mureparype [3]. Merl
3aMETUM  TOJIBKO, 4YTO  JIOKAa3aTeJIbCTBO MOXHO IIPOBECTH  METOAOM
MaTeMaTUYECKOW HHAYKIUHU, KOTOPBIA pacCMaTpHUBaJCsA B IyHKTe 1.2.

I[Ipumep.1l.1l. KonrponsHas paboTa 1Mo MaTeMaTHKE COCTOUT U3 TpPeEX
3ama4: 1o anredpe, IUTAHUMETPUM U cTepeoMeTpuu. W3BecTHO, dUTO
KOHTPOJIbHYI0 paboTy BbIMOAHAIM 1000 mxompHUKOB. M3 HUX 3agady Mo
anreope pemmaun 800, mo mranumerpun — 700, mo crepeomerpun — 600
yenoBek. [lpm »TOoM 3amaum mo anreOpe u 1iaHuMmerpuu pemwan 600
HIKOJIBHUKOB, MO anredpe u crepeomerpun — 500, 1Mo TMUIaHUMETpUU W
crepeomerpun — 400. Bece Tpu 3agaun pemmmiin 300 yenoBek. CyliecTBYIOT Jid
IIKOJIbHUKY, HE PEIMBIINE HU OAHOU 3amaun? Eciau cymecTByIoT, TO CKOJIBKO
ux?

O6o3HaunM: U — MHOXECTBO BCeX IMIKOJIBHHUKOB, A — MHOKECTBO
IIKOJBLHUKOB, PELIMBIIMX 3a/lady Mo ajiredpe; P — MHOXeCTBO HIKOJILHUKOB,
PEIMBIMX 337a4y 1O TUIAHUMETPUN; S — MHOXECTBO IMKOJIBHUKOB, PEITHUBIITAX
3a7a4y Mo MIaHUMETPUU. [JaHO MO yCIIOBHIO 3a]a4n

m(U) =1000, m(A)=800, m(P)=700, m(S) =600,
m(AnP)=600, m(AnS)=500, m(PnS)=400, m(AnPnS)=300.
W ckoMoii BETUUHUHON SIBIIETCA
M(—(AUPUS))=mU)-m(AUPUS)
Boruucium no hopmysie BKIFOUEHUH U UCKITIOUSHUM
mM(AUPUS)=m(A)+m(P)+m(S)-
—mM(ANP)—-m(ANS)-m(PNS)+m(ANPNS) =

=800+ 700+ 600 — 600 —500 — 400 + 300 = 900.
Torma m(—|(Au PU S)) =1000—900=100. Takum oOpa3om, HE PEUIWIA HH

oxHo 3agauyn 100 NIKOJIBEHUKOB.
3ajanus 1Sl CAaMOCTOSITEJILHOM PadoThI CTY1€HTOB

JIist yacT 3aja4y yKa3aH MCTOYHMK M3 CIUCKA JuTepaTypbl. Hekotopbie
3aJlayd  MHOTOKpPaTHO BCTPEYAIOTCSd B  PA3JIMYHBIX HCTOYHHMKAX, CTaB
«MaTeMaTU4eCKUM (hOJIBKIOPOM.

1.1. 3amuineM MpeAioKeHUue «Yemvipe yCmanvix MOIUAIUSHIX NYMHUKA
007120 NEPeNCUOANU BHE3ANHO PA3PA3USUYIOCS 2po3y». ByieM BbIYepKUBATh W3
HEro CII0Ba Tak, YTOOBI BCAKHI pa3 MONYYaaoCch MPaBHIBHOE MPEITIOKCHUE
(HampuMep, HeJb3sl BBIUCPKHYTh CIOBO «uYembipe», HO MOXKHO BBIYCPKHYTH
CIIOBO «ycmaibix»). BeIMepKUBaTh CJIOBA MOXHO B JIFOOOM MOPSIIKE OMHO 3a
apyrum. CKOJTBKUMHE CITIOCOOaMHU MOYKHO MIPUITH K MPEITIOKEHHIO, H3 KOTOPOTO
yIKe HeJb3sl BRIYCPKHYTh HH OJJHOTO ciioBa? [3] Omeem: 60
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1.2. Jloka3zaTh, 4TO CJICIYIOIINE YUCia — meibie [4]

I I I
2) (2n).; 5) (3n).; ) (2n)! .
2" 2"3" n'(n+1)!
1.3. B ¢yrOonpHOM TypHUpE MPUHSIIM Yy4YacTHE HECKOJIBKO KOMaHI,

IIpu4ieM KaXaasd KOMaHIa CbIr'pajla € OCTAaJIbHBIMH IIO JABC MaT4a. Bcero

coctostock 90 matueii. CKOJIBKO OBLIO KOMaH/ ?
Omeem: 10

1.4. Hmeercst m Oenbix M N 4YepHBIX MapoB, mpuyeM M > N. CKOTbKUMH
CIIocO0aMU MOKHO BCE IIAphl PAa3NIOKUTh B PsA TaK, YTOObI HHUKaKWE JBa
YEepHBIX Mapa He Jexanu psaom? [1]

Omesem: C_ |

1.5. CKOJIBKMMU CIOCO0aMU MOKHO MOCAJUTh 32 KPYIJIbIA CTOJ N MYy>KYKH

¥ N SKEHIIMH TaK, YTOObI HUKAKHKE J[BA JIUI[A OJHOTO I10JIa HE CUACTH PSIoM?
Omesem: 2(n!)?

1.6. CKOIIbKUMHU  c1oco0aMu  MOKHO BBIOpaTh 6 KapT U3  KOJIOJBI,
cojiepKalleit 52 KapThl, TakK, 4TOOBI CPEIM HUX OBLIM KapThl KaXkaoh MacTu? [4]

Omeem: C'C3(CL Y +CZ(C2 ' (CL ) 6362512

1.7. JIist oKpacku OJHOHM rpaHu KyOmka TpeOyeTcs 5 cekyHa. 3a Kakoe
HaUMEHbIlIee BpeMs 3 deloBeKa MOTYT BbIKpacuth 188 KyOukoB?
[Ipeanonaraercsi, 4To aBa 4YelOBEKa HE MOTYT OJHOBPEMEHHO KPacUTh OJHH
KyOuk. [4]

Omeem: 1880 c

1.8. Ceccuto u3 Tpex 3K3aMeHOB ycnermHo caan 41 cryneHt. Bo3moxkHbIe
onieHKH: 5, 4, 3. Jloka3atb, 4TO IO KpallHEW MepE MATh CTYJECHTOB CIAJIA CECCUI0
C OJJMHAKOBBIMHU OIICHKaMH. [4]

1.10.  CkonbkuMHU cHIOCOOAMH MOXHO YIOPSAOYHTH MHOXKECTBO {1,2,...,2n}
TaK, YTOOBI KaXJI0€ YeTHOE YUCIIO UMEIIO YeTHBIA Homep? [3]
Omeem: (n')?

1.11. Tpoe cyMacumieAmInX MajsipoOB MPHUHSIIMCH KPACUTh IMOJ, KaKIbIi B CBOU
nBer. OQUH ycmen 3akpacuTh KpacHbIM 75% moina, apyroi 3enéasiM — 70%,
Tpetuid cuHuM — 65%. Kakas JacTh mona HaBepHsKa 3aKpalieHa BCEMU TPEMs
kpackamu? [1]

Omeem: 10%

1.12. CxonbKO CyIIECTBYeT IIECTU3HAYHBIX YHCEN, y KOTOPBIX Kaxjas
nocieayromas mudpa MeHblie mpeasirymei? [1]
Omeem: 210
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3aganHus AJIs1 KOHTPOJIbHOI pa6oThl «KoMOnHATOpPHBIE YKCIa U 00beKTHI» [6]

1. VI3 naHHOM MpOINOPIIMY HAUTH X U Y.

Bap. JlaHHas nponiopius Bap. JlanHas nponopius
1 [cr:cl,:C/, =5:4:2 16 | C’?:C’:C’, =28:12:3
2 CH:C’:C)'=3:3:2 17 Cri:Cr:Cr=6:3:1
3 CY*:CX:C>=42:35:20 18 CX:C):C*=72:45:20
4 Cr?.Ccr:.C’ =3:4:3 19 Cr*:C':C’=14:10:5
5 Cri:Cl :Cll=4:5:4 20 Crz:Crl:C’ =28:24:15
6 Crt:C):C’'=21:14:6 21 cri:C’ :Cr=15:5:1
7 Cr*:C’:C’=3:5:5 22 CX:C):C)"=15:24:28
8 Cr2.Cr:C’ =2:4:5 23 Cr#.C:C)=17:7:5
9 Clt:CY,:C’1=2:3:3 24 Crz:Cx:C’ =6:7:6
10 | C’*:CY:C’*=14:8:3 25 | CJi:C) :C)/=5:5:3
11 Cr?:.C’:C’=5:3:1 26 cr:.c):cr'=1:7:21
12 [ cr?:cri:c’, =5:6:5 27 | C)?2:C’:C)=42:35:20
13 [ C’:C’,:Cli=14:7:2 28 [ CY?:C'*:C) =45:20:26
14 C:C):C)"=6:14:21 29 Cri:Cl :Cr =55:22:6
15 | CX2:CY:C!=24:9:2 30 | C":C/:C)'=3:4:3

2. B paznokeHn# 1aHHOTO BBIpaXEHHS P M0 MOJTWHOMUATBLHOU (opMyJie HAaUTH

ko3 puIMeHT npu x

k

, TIOJTyYEHHBII TOCIe PacKPBITUS CKOOOK M NMPUBEACHUS

MOJOOHBIX YJICHOB.

Bap.| Kk P Bap. | K P Bap.| Kk P

1 23| (2+x3-x3)B | 11 112 | (4+xB8+xH)8 | 21 | 44| (2+ x¥0-xH)l
2 96 | (1+x5-x19)17 | 12 | 46 | (1-x*+x®¥ | 22 | 27| (3+ x3+x%)°
3 | 80| (4-x3+x®)1 | 13 | 48| (B3+x>-x3)® | 23 | 56 | (2- x2+x%)%
4 130 | (x"-2+x°)% | 14 | 40| (3+3-xH | 24 | 68| (1+x!0-x4)8
5 | 66| (x-x3+3)2 | 15 [132 | (2-x%+x})2| 25 | 60 | (2-x*+x")'®
6 | 48| (1+x'-x)® | 16 | 34| (4+x>-xO)Y | 26 | 17 | (7T-x+xHH

7 114 [ 3+xM+x5%° | 17 | 96| (1+ x*-x¥)?* | 27 | 150 | (2-x°>-x")*?

8 | 30| (x+3-x)* | 18 | 57| (2-x3+x")¥ | 28 |120 | (x}+x8-3)°
9 18 | (2+x5-x?)° 19 | 60| (1+x¥-x) | 29 | 34| (x*-x®+2)P°
10 | 22| (3-x*+x®)12 | 20 9 | (5-x-x3)% 30 | 300 | (x!0-3+x143t
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2. KOMBUHATOPHBIE METO/1bI BBIYNCJIEHUS
BEPOSITHOCTEM

B Hacrosimee Bpemsi OOIIENPUHATHIM SIBISETCS aKCHOMAaTUYECKUIA MTOAXO0/
K OIpPENEICHUIO BEPOSITHOCTH, npemnoxkeHHbin A.H. KommoroposeiM B 30-x
rogax XX Beka. IIpm 3TOM KOHKpETHBIE CIIOCOOBI MNpUNHUCATh JAHHOMY
CIIy4aiiHOMY COOBITHIO Ty WJIM HHYIO BEPOSATHOCTb MOTYT OBITh Pa3iIMYHBIMHU.
Cpenn Takux crnocoOOB Hambojee NPOCTbIM (M TNEPBBIM B HCTOPUYECKOM
OTHOILIEHUH) SABJIIETCS METOJ, OCHOBAHHBIM Ha TaK HAa3bIBAEMOM KJIACCUYECKOM
ONPENEIICHUN BEPOSTHOCTA. XOTSA 3TO ONPEIEICHUE HMEET MHOTOBEKOBYIO
VCTOPHUIO, OHO U B HACTOSAIIEE BpEMsl HaXOAUT LIMPOKOE IIPUMEHEHUE B CAMBIX
pa3iIMuYHBIX O00JacTAX 3HAHUM (B TeHEeTHKe, WH(OpPMATHKE, CTATHCTHUYECKOM
dbusuke u T.1.).

Bropas dacte HaCTOSAIMX METOAMYECKHX YKA3aHUW MOCBSAIICHA 3a7a4am
BBIYMCJIEHUS KIIACCHYECKOM BEPOATHOCTH, PEIIEHUE KOTOPBIX OCHOBAaHO Ha
UJEAX U METOJAaX, PACCMOTPEHHBIX B MPEABIAYILIEH YACTH.

§ 1. Cayvaiinbie cOOBITHS M MX BEPOATHOCTH

B nmanHOM paszgene mpuBENEHBI OCHOBHBIE OIPENEIICHUS, CBSI3AHHBIE C
MOHATUSMU ~ CIYyYaHOTO COOBITUSI M €r0  BEPOATHOCTH, U3JIOKECHHE
cooTBeTcTBYET Mmocoouto [7]. C moapoOHBIM OCBEIICHHWEM JaHHBIX BOIPOCOB
MOYKHO 03HAKOMHUTBCSI, HAIIPUMED, 0 GyHIaMEHTAIbHOMY Y4eOHUKY [9].

1.1. Onepauun Hag cOOBITUAMHU. AJITeOpPbI U CUTMA-aJIre0pbl COOBITHH

Onpenenenue. Cayuatinoe coovimue — 2mo codovimue, 0 KOmopom npu
OaHHBIX YCNOBUSAX HeNb3sl 3apaHee CKA3AmMb, NPOU3OUOem OHO UMU Hem.
Co80KynHOCmMb YCI08ULL, CONPOBONCOAIOUWUX CAYUAlUHOEe cobvlimue, (eciu ux

MOJHCHO gocnpouszgecmu HeoOHOKPAMHO) Ha3vl8aOM CLYYAUHBIM
IKCNEPUMEHINOM UTU UCHBIMAHUEM.
CnyyaiiHple CcOOBITHSL (Z1ajiee — TIPOCTO «COOBITHS») O003HAYAIOT

MPONMMCHBIMU JaTHHCKUMHu OykBamu A, B,C,...

Onpenenenue. Hcxoo OanHo2o CayuauiHo20 OSKCNepUMEHmMA, He
paznodcumvlii. Ha 0Oonee npocmvle UCXOObl, HA3BLIBAEMCS DJIeMEHMAPHBIM
UCXO00M — UAU  DJIEeMEHMAPHLIM — cobvimuem.  JDleMeHmapHbvle  CcoObImMus
0003HaYaOM KAK ©,®,,... Ul npocmo ®. MHuodcecmeo 6cex 31eMeHmapHbix

coObIMull OAHHO2O CIYHAUHO20 JKCNEPUMEHMA HA3bI8AIOM NPOCMPAHCMBOM
NeMEeHMapHblX coovimuti u oboznayarom €.

Onpenenenue. Ilycmv A — nexomopoe (snemenmapuoe uiu Hem)
coovimue 8 OaHHOM ucnvimanuu. 1 06opsam, umo OaHHbILL INEMEHMAPHBIU UCXOO
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we) oOnaconpusmcmeyem nacmynienuio coovimusa A, eciu A npoucxooum
00HOBPEMEHHO C (.

MaremaTH4eCKOM  MOJENBI0  CIIyYaHHOI'O  DKCIIEPUMEHTA  CIIYXKUT
HEKOTOpOoe aOCTpPakTHOE MHOXECTBO (), 3JIEMEHTHI KOTOpPOro  (TOYHEE,
OJIHOBJIEMEHTHbIC MoaMHOXKecTBa {0} Q) u300paxkaloT 3JICMEHTapHbBIC

COOBITHSA, a MpoUYne MoAMHOKecTBa A C () — CIOXKHBIC COOBITHS, COCTOSIINE U3
AJIIEMEHTAPHBIX COOBITUIA, OJIArONPUITCTBYIOIINX A .

Bce MHOKECTBO ) OTOXKIECTBISICTCS C 0OCMOo8epHbIM coObimuem (T.e. ¢
TEM, KOTOPOE 3aBEJOMO TIPOUCXOJWT B JIAHHOM HCIIBITAHHH), ITyCTOE
MHOXECTBO & — C Hego3ModicHbiM coOvimuem (C TeM, KOTOPOE HE MOXKET
IIPOM30UTH).

Onpenenenue. Ilpoussedenuem coovimuti A u B Hazwieaemcs
coovimue C = AB, cocmosiyee 6 mom, umo A u B npouzownu oonospemenno.

[IpousBeaenuto cobObiTidi A u B cooTBercTByeT mepecedcHue
n300pakaronmx ux MHOKecTB: AN B.

Onpenenenue. Cymmou cobvimuii A u B nazwieaemcs cobvimue
C=A+B, cocmoswee 6 mom, umo npouzowiio xoms Ovl OOHO U3 IMUX
coObImuUl.

CymMme coObituit A 1 B cooTBeTcTBYyeT 00BEAMHEHHE H300paKaroIIuX
uxX MHOXKecTB: AU B,

Onpenenenue. Paznocmoio coovimuti A u B nasvisaemcsa cobvimue
C = A-B, cocmosawee 6 mom, umo A npouszouino, a B ne npousouino.

PasHoctu coObithii A 1 B coOoTBETCTBYeT TE€OPETHKO-MHOKECTBEHHAS
PasHOCTh M300pakaromux ux MHOKecTB: A\ B.

Onpenenenue. [ ogopam, umo coovimue A ereuem coovimue B, eciu
B npoucxooum ecskuii pas, koeoa npouzouiio coovimue A.

OtHomieHuto «coOsiTe A BiedeT coObiTie B» cooTBercTByer
OTHOIIIEHUE «A eCTh TOJAMHOXKECTBO B» n3o0paxkaronux ux MmHoxxkects: A B.

Onpenenenue. Coomus A u B mHaswigaromcs HecoemecmubviMu,
ecu Hacmynienue 1100020 U3 HUX UCKIIoYaem HacmynieHue opy2020.

HecoBmecTHbIM coOBITHSIM A W B COOTBETCTBYIOT HE IMEpPECEKAIOIINECS
MHO)kecTBa: ANB =

Onpenenenue. Ecmu A —  Hekomopoe  cobvimue,  mo

NPOMUBONONIONCHBIM eM)y Hazvieaemcs cobvimue A, cocmoawee 6 mom, umo A
He NPOU30ULTO.

[TpoTuBOMIONOXKHOMY CcOOBITHIO A CcOOTBeTCTBYeT momosiHeHre Q\A
MHOXecTBa A 110 Bcero npoctpaHcTna (2.

3ameuanue. B ganpHeimem Mbl He OyaeM pazmuyuaTh coObITHE A,
HACTYTAIOIIEE B paMKaxX HEKOTOPOIO CIIy4alHOTO SKCIIEPUMEHTa, U MHOXKECTBO
A, n3o0paxaroliee ero B COOTBETCTBYIOIIEH MaTeMaTuueckoi mojenu. Kpowme,
TOrO NIl 0003HAUYEHHUsl ONepalil HaJ COOBITUAMHU, HApALy C MPHUBEACHHBIMU
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BbIllIe, Mbl OyJE€M HCIOJNb30BaTh TEOPETUKO-MHOKECTBEHHBIE O0O3HAUCHUSI.
Hampumep, 3amucu C=AB u C=A()B o3Hagator ogHO M TO Xe —
npousBeneHue coobiTrii A u B.

Onpenenenue. Cogokynnocmo 7 muodxcecms AcC Q) nasvigaemcs
aneeopoil cobvimuii, eciu ona cooepxcum € u uz yciosus Ae., Be.w
cnedyem, umo A+Bew, ABew u A-Be.w.

WNuaye roBopsi, anredpa cOOBITHI — 3TO CHUCTEMa .o/ TOJMHOXKECTB
MHOKecTBa ) ¥ 3aMKHYTas OTHOCUTEJIBHO Omepanuii oO0beAUHEHUS,
nepecevyeHusl U B3SATUS pPa3HOCTU. [1OCKONBKY C TPUKIAAHOW TOYKU 3PEHHUS
€CTECTBEHHO TpeboBaTh, YTOObI CyMMa, MPU3BEIACHUE U PA3HOCTh COOBITHUIA
CHOBa ObUIM COOBITHSIMH, anreOpa SBISETCS TEeM MHHHMAIBHBIM «3aracom»
MHOKECTB, KOTOPBI FrapaHTUPYIOET BBIIIOJIHEHHE 3TOT0 TPEOOBaHUS.

Ecnu npocTpaHCTBO 351IeMEHTapHBIX cOObITUI () KoHeuHo, TO anredpa .o
SBJIIETCS] HE TOJIBKO MUHUMAJIBHBIM, HO U JOCTaTOYHBIM 3allaCOM MHOECTB IS
IIOCTPOCHUS TOJHOLEHHONW Teopuu. Ecnm ke MHOkecTBO (2 OKa3bpIBaeTCs
beckoneunviM, TO TpPeOyeTCs BBIOJHEHHE HEKOTOPBIX JIONOJHUTEIbHBIX
YCJIOBUM, KOTOPBIE IPUBOJIAT K MOHATUIO T.H. CUeMA-ANceOpbL.

Onpenenenue. beckoHeunoe mHodcecmeo A Hazvieaemcs CUemHbIM,
eciu e20 2JIeMeHmbl MONCHO 3AHYMepo8amv HAMYPANbHbIMU YUCIAMU M.e.
npeocmasums 8 8ude Nocie008amenlbHOCMU Heno8MOoPAIOWUXCL INeMEeHMOo8
A={a,a,,...,a,..},20e & =a;, i#]. B npomusnom cryuae Oeckoneunoe

MHOIHCECMBO HA3LIBAECS HECUEMHBIM.
JlokazaHo, 4YTO cpeau OCECKOHEYHBIX MHOXECTB CYIIECTBYIOT Kak
CUeTHBIC, TaK ¥ HecueTHble. [IpuMepaMu CYCTHBIX MHOXECTB CIIyXKar
MHO’KECTBa BCEX HATYPAJIbHBIX, IIEIBIX WM PAllMOHATBHBIX Yrcesl. MHOXKECTBO
JNCHCTBUTENLHBIX YHCeN (YHCIIOBas MpsMasi), MHOXKECTBO TOYEK IUIOCKOCTH,
10001 YNCTIOBOM MPOMEXKYTOK SBIISIFOTCS TPUMEPAMH HECUETHBIX MHOKECTB.

Onpenenenue. Areebpa cobvimuili o7, Hazvleaemcs G -anceopoll
(cuema-ancebpoii), eciu oOHA 3AMKHYMA OMHOCUMENbHO CUEMHO20 HUCHd
onepayuii obveounenus, m.e., eciu uz yciosus A,A,,..., A, ...€ & credyem
AUAU...UA U.e .

3ameuyanue. MOXHO I0Ka3aTh, YTO U3 3aMKHYTOCTH aJIreOpbl COOBITHIA
OTHOCHTEIFHO CYETHOTO OOBEIMHEHMS CIIEAyeT 3aMKHYTOCTb OTHOCHTEIHHO
CUETHOTO YHCJIa JIOOBIX APYTUX Oomepanuii HaJ coObITHsIMH. B wacTHOCTH, eciu
&/  YIOBIETBOpSAET  YCJIOBHSIM W3  ONpEACICHUs  G-anreOpbl,  TO
ANAnN..NAN.e.

B HacTosmeM W3gaHWUM MBI OTPAHHYHUMCS PACCMOTPEHHUEM TOJBKO
KOHEYHBIX mpocTtpaHcTB (2. Hambonee dwacto B 3TOM cilydae B KayeCcTBE
anreOpbl COOBITHM .o OEpyT MHOXKECTBO BCEX IMOJAMHOKECTB MHOXecTBa (2
(Bkmoyast camo Q u ). OHo HaszbiBaeTcs Oyreanom € U 0003HAYAETCSA

uepes 2°. Beriie OBLIO OTMEYEHO (cm. 1.8), 4TO eciu
17



MHO)kecTBO (2 ={®,,®,,...,®,} COCTOUT U3 N 3IEMEHTOB, TO MHOXECTBO BCEX
€ro TOJMHOXECTB COACpKUT 2" »SJIEMEHTOB, YeM W ONPABIBIBACTCS
o6o3Hauenue 2°.

1.2. BeposiITHOCTBb CJIy4aiiHOI0 COOBITHSI U €€ CBOliCcTBA

BeposiTHOCTh COOBITUSI A MHTYUTHBHO TOHMMAETCS] KaK YHUCIECHHAs Mepa
«OXHUAAEMOCTH» HACTYIUICHUS ATOTO COOBITHA, 3aKIIOYCHHAs B Mpejenax oT
HYJISE 10 eauHUIBl. YeM OJrke BepOsSITHOCTh COOBITHS K €IMHUIIE, TEM OOJbIINe
OCHOBAaHHH 0HUAATh, YTO OHO HACTYIIUT MIPH JIAHHBIX YCIOBHSIX.

B pamkax ymomsHyTOT0 BBIIIIE aKCHOMAaTHYECKOTO TIO/IX0/1a BEPOSITHOCTD
(BEepOSTHOCTHYIO MEpY) OIPENEIAIoOT Kak uncioByio Gyuknuto P(A), 3amanHyro
HAa HEKOTOPOM MHOXKECTBE CIIy4ailHbIX COOBITUH U  YJOBJIETBOPSIOIIYIO
OTIpEJICTICHHOMY Ha0Opy YCIOBHM (aKCHOM).

Axkcuoma 1. Ilycmo Q — npocmpancmeo snemeHmapHvix coovlmuil u 7~
— Hekomopas G-aneeopa coovimuil. Kascoomy coovimuro A€ o cmasumcs 6

coomeemcmeue  Heompuyameavnoe  uucio  P(A),  uasvieaemoe  ezo
8EPOAMHOCMBIO.
Axkcuoma 2. Beposmnocms 0ocmogepro2o cobvimus pagua eouHuye.
P(Q?) =1.

Axkcuoma 3 (cyeTHasi AJJUTHBHOCTH BEPOSATHOCTHON Mepbl). Eciu
cooimus A, A,,..., A ,... nonapno necoemecmmoi, mo

P(A+A2+...+A+...)=Z::P(A).

B uacmumocmu, onsn xomeunoco uucia N NONAPHO HECOBMECMHBIX COOLIMUL
A A,..., A uvweem mecmo pasencmeo

P(A+A +...+A)=P(A)+P(A)+...+P(A).

CBOMCTBO, BBIpaXXaeMoO€ TIOCJIEIHUM PABEHCTBOM HA3bIBACTCS KOHEUYHOL
a00UmMU8HOCHbI0 BEPOITHOCTHON MEPHI.

CaeacrBus U3 aKCHOM

|. Beposimnocmu negosmooicnozo cobvimust pasna nymo: P(J) = 0.

. /[nsa nro6020 A€ o
0<P(A) <1.

V1. [{na no6oco Ae & B
P(A) =1-P(A).
IV. Eciu cobvimue A eneuem 3a cobout coovimue B, mo

P(A) <P(B).
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V. (Teopema cioxenusi BepossitHocteit). Eciu A u B — npoussonvuvie (ne
0053amenvHo Hecogmecmuvle) cOObIMusl, Mo

P(A+B) = P(A)+P(B) - P(AB).

Onpenenenue. Beposmuocmuvim — npOCMPAHCMEOM — HA3bLEAIOM
mpotiky obvekmos (Q,7,P), 20e Q — npocmpancmeo s1emeHmapHulx

coovimui, &/ — G-aneebpa e20 NOOMHONCECME, HA3bIBAEMbIX CLYUAUHbIMU
coovimusimu, P(A) — eeposimnocme, onpedenennas na c-aneebpe sf .

B coBpeMeHHON TEOpHUHM BEPOSATHOCTENM ITOCTPOCHHE BEPOSITHOCTHOIO
npoctpanctBa (€2,.e7,P) sBiseTcst HCXOAHBIM MOMEHTOM ISl MATEMATUIECKOTO

OMMCAHMS U MOJICTUPOBAHUS JIIOOBIX CITyYalHbIX SBICHUMN U MPOIIECCOB.
§ 2. Kitaccu4ueckoe onpenesieHue BEpOSITHOCTH

ITpennonoxkumM, 4YTO MPOBOAUTCS CIy4YalHBIA DKCIIEPUMEHT ¢ KOHEYHBIM
YUCIIOM 3JIEeMEHTapHBIX ucxonoB Q={w,;;®,;...;®,}, U MOyCTb HMEIOTCA

OCHOBaHMs (Hampumep, COOOpaKEHUS CHUMMETPUHM) CUHUTaThb O3TH HCXOJbI
PABHOBO3MOHBIMMU:

1
-
3agaguM BEpPOATHOCTh Ha .o =27 crefylommM o6pa3oM. Eciam coOBITHIO

P(col):P(oaz): ...:F’(oan):

Q )
Ae?2” OnmaronpuaTcTBYOT K 3JEMEHTapHBIX COOBITUH ©; ,®; ;...,00, , TO €r0

i >
BEPOSATHOCTH MOJIOKUM PAaBHOU

P(A)= ip(mim )=

m=1

K
n H

n
n
B wactaoctn, P(Q)=>P(w,)=—-=1. OueBumno, dYTO BCe AKCHOMEI
m=1 n

BEPOSITHOCTH IS BBEICHHOW HaMH (DYHKIIMM MHOXECTBA BBITIOJHEHBI.
Omnpenenenre BEPOSTHOCTH COOBITUST A, Ha OCHOBE H3JIONKEHHOTO MOAXO0J]a
Ha3bIBaeTCs Kiaccuieckum. Kpatko 3To ompeneiaeHne MOKHO cHOpMyITHpPOBaThH
TakK:

npuU  YKA3aHHLIX Gblule YCI08UAX 6epOoAmHOCmb codovimus A paena
OMHOWEHUIO YUCAA INEMEHMAPHBIX UCX0008, OA20NPUAMCMEYIOWUX COObIMUIO
A K obwemy wucny s1emeHmapHulx UCX0008

P(A):%,

20e cumsonom M(A) o6osnaueno uucno snemenmos mnoscecmsa A.
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[Mpumep 2.1. CayuaiiHplii 3KCHEPUMEHT COCTOUT B OJHOKPATHOM
BBIOPACBIBAHUHU JBYX UTPajbHBIX KOCTeW. HaliTh BEPOATHOCTH TOrO, 4YTO CyMMa
BBIMIABIINX HA JIByX KOCTSIX OYKOB KpaTHA MATH.

Pemenne. Kaxnpiii sneMeHTapHbIM UCXOJ 3aJaUM YIIOPSAIOYECHHOU
napoit gucen (i, j), rme | — YUCIO0 OYKOB, BBIMABIIECE HA MEPBOM KOCTH, | — Ha
BTOpoif, 1<1i, j <6. O6IIee UnCIO >ITEMEHTAPHBIX UCXOAO0B paBHO N =6° =36,

CoObitnio  A={cymma ouYkoB KpaTHa S5} , OmarompustcTByroT K=7
AIIEMEHTAPHBIX UCXOJIOB:
5+5=10, 6+4=10, 4+6=10, 1+4=5, 4+1=5, 2+3=5, 3+2=5.

k 7
Takum oopazom, P(A)=—=—.
p (A==

B NpHBEIEHHOM TIPUMEpE YHCITO BCEX dIEMEHTapHBIX coObrTHii M(Q) n
ancno M(A) coObITHil, GIaTONPHATCTBYIONMX COOBITHIO A, TErKo MOMyYanoch

HENOCPEACTBEHHBIM NoJcueToM. OIHaKO B OOJIBIIMHCTBE MPAKTUUECKH BaXKHbBIX
CIIy4aeB 4ucia m(Q) U m(A) HACTOJIBKO BEIMKH, YTO HEIOCPEICTBEHHBIN
IIOACYET HEBO3MOXKEH. B  Takol cuTyauum HCHOJB3YIOTCS  METOIBI
KOMOMHATOPUKH, YacTh M3 KOTOPBIX OblIa paccMOTpEHa B MEPBOM YacTH
METOANYECKUX YKa3aHUM.

ITpu moacuere BEpOATHOCTEN B paMKax KJIACCHYECKOI0 MOIX0a yI00HO!
MOJIEJIBIO SKCIIEPUMEHTA SBJISIETCS TaK Ha3biBaemasi BbIOOpouHas cxema. Ilycthb
CIy4aliHBI JKCIIEPUMEHT COCTOUT B BbIOOpe HayJgady K 31eMeHTOB H3 N
Pa3IMYHBIX DJIEMEHTOB HEKOTOPOIO MHOYKECTBA E:{el;ez;...;en}. s

ONPEJEICHHOCTU OyJIeM CUUTaTh, YTO MMEETCS ypHa C N HEpa3IuYMMbIMH Ha
OUIYIb, HO TIPOHYMEPOBAHHBIMH IIapaMH, U3 KOTOPOW Hayaaudy H3BIEKarT K
mapoB. [Ipu 3ToM MMeErOTCsA ABa pa3IMUYHBIX croco0a ACUCTBUN — cayuatiHblil
8b100p 0Oe3 6038paujeHus, KOrja BBIHYTHIA 1Iap OOpaTHO HE BO3BpAILAETCA U
CIYYaUHbll 8b100p C B8038paujeHuemM, KOrJa W3BJICYEHHBIM IIap BCIKUU pa3
BO3BpaIaercs B ypHy. KpoMe Toro, Mbl MOXEM yUUTHIBATh MOPSIIOK, B KOTOPOM
NOSIBJISIIOTCST M3BJIEKAEMbIE IIAPbI, TOT/IA PE3YJbTATOM 3KCIEpUMEHTa Oyaer
ynopsioouenHas 6vibopka. Eciau ke y4YUTBIBa€TCS TOJBKO COCTaB IIApOB B
BBIOOPKE, HO HE MX MOPSAOK, TO MOJIY4YaeM HeynopsooueHHylo 6b100pKy. B cBs3n
C YHNOMSHYTOM HWHTEpIpeTanuei, BbIOOPOUYHYIO CXEMy YacTO Ha3bIBalOT
YPHOBOU CXEMOM.

B 3aBHCHMMOCTH OT TOro, KakOWl M3 4YETBIPEX ONMCAHHBIX BAPUAHTOB
peanusyercs (YHnopsI0ueHHbIN BBIOOP C BO3BpallleHHEeM, HEYTOPSI0UYSHHBIN 0e3
BO3BpAIllEHUAd M T.1.), Mbl OylneM TMOJydaTh pa3jdyHble MHOXecTBa ()
3JIEMEHTApHBIX COObITHH. )1 moacueTa 00IIero Yyuciia 3JIeMEeHTOB m(Q) B ATHX
MHOKECTBaX MPUMEHSIOTCS pa3iu4yHble KOMOWHATOPHBIE YHMCIA, BBEJACHHBIC B
IIEPBOM 4aCTU METOANYECKUX YKA3aHUM.

Jlanee Mbl pacCMOTPUM KaKIbli W3 YETHIPEX YMNOMSHYTBHIX CIIy4acB
OTHENbHO, MpPH 3TOM HaM TOHAJO0OSTCS HEKOTOphIE JIOMOJHUTEIbHbIE

20



o0o3nauenus. Ilycth ypHa comepxutr N mapoB ¢ Homepamu 1, 2,..., n.
Y CIIOBUMCS 3alMCHIBATH YIIOPSIOYCHHYIO BBEIOOPKY, COCTOSIIYIO U3 K 11apoB B
BUJIE (al,az,...,ak), rae @ —HOMep Ilapa, M3BICYCHHOTO Ha I-M Iiare, a
HEYTNOPSIOUYECHHYIO — B BUJIE [ai, a2,...,ak]. Hampumep, eciu B ypHe 5 1mapos, TO
npu BeIOOpe O€3 BO3BpallleHUsi 4eThlpex mapoB 3amucu (2,3,1,5) u (3,1,2,5)
COOTBETCTBYIOT JBYM Pa3IMYHBIM YHOPSAOYECHHBIM BHIOOpKAM C OJMHAKOBBIM
cocTaBoM mrapoB. 3amuchk [1,2,3,5] o3HayaeT HEYMOPSAAOUCHHYIO BBIOOPKY C TeM
K€ COCTaBOM IIIapOB, YTO W JIBE€ MpPEAbLAyIIHE (U1 OMpPEIEICHHOCTH MBbl
PaCIOJIOKIIM HOMEpa B MOPSJIKE BO3PACTAHMUS).

§ 3. Cuayuaiinblii BbI0Op 0€3 BO3BpallleHUS

Bbynem mpeanosiarath, 4To K <N W 4TO M3BJICYCHHBIC IIApbl OOPATHO HE
BO3BpamaoTcs. B 3ToM ciiydae, kKak ObUIO OTMEYEHO, HMEIOTCA JIBE
BO3MOXXHOCTH, CBSI3aHHBIE C T€M, CUUTAEM JIM Mbl BEIOOPKH YIOPSIA0UYCHHBIMU
WJTU HET.

3.1. Cxema BbIOOpa, NPUBOAALIAS K COUYETAHUAM

Ecnu paccMaTpuBaroTCst HEYNOPSA0YEHHBIE BBIOOPKH, TO
Q={o:o=[a,8,..8] & #a,,i#j,a =12..nf,

T.C. DJIEMEHTAPHBIMH HUCXOAaMH OyIyT codeTaHus Oe3 MOBTOpPeHMH u3 N 1o K,
YUCJIO KOTOPBIX coraacHo (1.7) paBHO

m@)=cf=— " (2.1)
k!(n—k)!

[Mpumep 2.2. U3 maptum, coaeprkaiieii N U3IEIUl, Cpear KOTOPHIX |
OpakOBaHHBIX, HayJady W3BJIEKalOT K wu3menuii 1y KoHTpossa. Haiitu
BEPOSITHOCTh COOBITHS A = {B TMOJYyYE€HHON BBIOOPKE POBHO I W3IEIHIA
OpakoBaHHBIC} .

Pemenune. U3 ycnoBus sicuo, uro K <n u r < K. 3anymepyeM u3aeus
yucaaMu OT 1 10 N, ¥ mycTh MHOKecTBO HomepoB E; = {1, 2, .., n—1}
COOTBETCTBYET T'OAHBIM M3IEIHIM, & MHOXECTBO HOMepoB F, = {n—1+1,..., n}
— OpaKOBaHHBIM HU3JICITHSIM.

CoracHo yclIOBHIO 33Jja4M, POU3BOJUTCS HEYIOPSAIOUYECHHBIN BEIOOP 0€3
BO3BpameHus K anementoB 3 MHOXectBa E=E UE,={1, 2, ..., n}. [TosTomy

k
m(Q)=C!. Cobetmio A G1arONPUATCTBYIOT TOJNBKO TaKHE HCXOMBI, MpPH

KOTOpPBIX I 3JEMEHTOB BBIOOpKHM mpuHamiexkar FE;, a ocraibHble K-—T
AJIIEMEHTOB — MHOXeCTBY Ei. bpakoBaHHbIe u3JIeaMsi B KOJMYECTBE I IITYK

MOXHO BbIOpath u3 mmeromuxcst | mryk C| cmoco6amu. Ocrapmmecs K —r
rogHbIX w3gemmt w3 N—|  umerommxecs — Cr'fjlr cnocooamu. Ilo
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KOMOMHATOPHOMY MpaBuiIy npousBeneHus (cm. m. 1.3) momydyaem, 4TO 4YUCIO
BCEX MHTEPECYIOIMX Hac HcXonoB paHo M(A)=C/C/

w1 » TaK 9TO HCKOMas

BCPOATHOCTL CCTh
re~k-r
p(A)= S0 2.2)

3ameuyanue. Popmyny (2.2) MOXKHO TPUMEHSATh U B TEX CIyyasx,
Koraa IO YCJIOBHUIO B BI)I60pKe JOJI’KHBI 6I>ITI> TOJIBKO TOIHBIC HWJINU TOJIBKO
6paKOBaHHI)Ie JACTaJIN. HaanMep, CCJIM HCKATb BCPOATHOCTHL TOI'0, 4YTO BCC
OTOOpaHHBIC JETAId OKa3aJlHuCh OPAaKOBAHHBIMH, MOJIY4YHUM U3 (2.2) ¢ ydeTrom
0
k=r,C , =1,
Ck
P(A): Ik'
C
n

3.2. Cxema BbIOOpA, NPUBOASIIA K Pa3MellleHUsIM

B cioyuae ymopsmodeHHBIX BBIOOPOK 0€3 BO3BpAICHHS MPOCTPAHCTBO
SJIEMCHTAPHBIX COOBITHI MMEET BHU]I
Q=lo:o=(a,a,...a) a=a,i# ] a=12..n].

Kaxnmass Takas BBIOOpKa MpPEACTaBIsET coOOW pasMmerieHue u3 N mo K Ges
noBTopeHwmid. MIX uucio, B coorBerctBuu ¢ (1.3), paBHO
K n!
mR)=A =

[Ipumep 2.3.HNmeercs 8 xapTouek, Ha KOTOPBIX 3alKCaHBI MEpBHIE 8
OykB pycckoro andasuta. Hayran 6e3 Bo3BpalieHuss oTOUparoT 5 KapToueK U u3
MOJIyYEHHBIX B TMOPSAJAKE IMOCTYIUIEHUS OYyKB COCTaBJIAIOT cjoBo. Haiitu
BEPOATHOCTh TOTO, YTO COCTaBJIEHHOE YKa3aHHBIM CIOCOOOM CJIOBO OyaeT
OKaHUYMBATHCS OYKBOU «O»?

Pemenue. B namnom ciayuae M(Q) — 3To umcio Bcex 5-GyKBeHHBIX

(2.3)

CIOB B AaHHOM ombiTe. OHO paBHO YHCIY 5-3JIEMEHTHBIX YTOPSI0YCHHBIX
MOJIMHOKECTB U3 8 JIIEMEHTOB, T.€.

m(Q)=A>=8-7-6-5-4,
Paccmotrpum coOwbiTe A = {Haydady COCTaBICHHOE YyKa3aHHBIM CIOCOO0M
CJIOBO OKaH4YMBaeTCs OYyKBOU «O»}. UMCIO 37€MEHTOB MHOXeCTBa A PaBHO
YHUClly CrIOcOOOB pPa3MECTHUTh Ha YETHIPE OCTaBIIMECS MeCTa IO OJHOMY
CUMBOJTY U3 / (CUMBOJI «6» UCKIIIOUEH U3 PACCMOTPEHMUS, MIOCKOJIBKY €r0 MECTO
yKe OMPEJIeSICHO); TaKUM 00pa3om,

m(A)=A} =7-6-5-4,

m(A)  7-6-5-4

m(Q) 8-7-6-5-4

TaK 4TO P(A)= =0,125.

1
8
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§ 4. Cryuaiinblii BLIOOP ¢ BO3BpallleHHEM

B »Tom ClIydac KaxKjiasd KOMIIOHCHTA ai MOIXKCT IIPUHHUMATDH moboe u3

3HaueHuu 1,2,...,n, B oTIM4ME OT BbIOOpa O€3 BO3BpallleHHUS], T/I€ HOMEpPaA I1apOB
TMOBTOPATBHCS HE MOTYT, T.€. & #a;,1# J. Kpome Toro, ecrectBeHHOE INpH

BbIOOpPEe Oe3 Bo3BparieHus ycioBue K<n Ttemepb, BOOOIIEC TOBOps, HE
BBITTOJTHSICTCSL.

4.1. Cxema BbIOOpA, NPUBOAAIIAS K COUYETAHUAM C IOBTOPEHUSIMH

Ecnu paccMatpuBaioTcsi HEYNOPSIIOUEHHBIE BBIOOPKH C BO3BpAILICHHEM,
TO MPOCTPAHCTBO JIEMEHTAPHBIX COOBITHI 2 BBITTISIUT CIETYIONIUM 00pa3oM:
Q={o:0=[a,a,...a].a =12,...n},
T.C. SJICMCHTAPHBIMH MCXOJaMH OyJIyT COYCTaHHS C MOBTOPECHUSAMH M3 N 110 K,
YHUCJI0 KOTOPBIX coriacHo (1.9) paBHo
«  (n+k-=1)
m(Q) = Cn+k—1 T T e Ny
k1(n-1)!

[Ipumep 2.4. Bo BpeMsa KapTo4yHOro (Qokyca u3 CTaHJapTHOU
KOJIOZBI, coAepxkamen 36 KapT, MOCIEAOBATEIbHO JOCTAOT M MOKAa3bIBAIOT
3purtessiM 3 KapTel. [Ipy 3TOM Kaxaplii pa3 U3BJICUCHHAs KapTa BO3BPAILACTCA
00paTHO B KOJIOAY M KapThl TIIATEIBHO MEepeMeInBaoTcs. Hailtu BeposTHOCTD
coobiThii A={Bce TMOKa3aHHBIE KapThl HMMECIOT pa3Hyl MacTh}, B={Bce
TOKa3aHHBIC KAPThI UMEIOT OJIHY M TY YK€ MacTh }.

Pemenue. Ilponymepyem mactu uuciamu oT 1 1o 4 u paccMoTpum
YPHOBYIO CXeMy BbIOOpa ¢ Bo3BpaimeHueM it N =4. [locKoJIbKy B KOJIOIE
UMEETCS PaBHOE KOJMYECTBO KapT KaXKJOM MAcTH WU TOSIBJICHHUE JTHO0OW KapThI
PaBHOBEPOSITHO, M3BJICYCHHE KapThl MacTh ¢ HomepoM |, 1=1,23/4,

(2.4)

HKBUBAJIEHTHO M3BJICUEHUIO LIapa ¢ TeM ke HomepoM. Cle10BaTeNbHO, 4 UCIIO
BCEX PABHOBEPOATHBIX MCXOJOB JAHHOTO JKCIEPUMEHTAa pPAaBHO YHCIY
COUYETAHWH C TOBTOPEHUSIMH U3 4 3JIEMEHTOB 110 3, T.€.

3 3
m(Q) =Cu=Cs.
Uucno ucxonoB, OIaronpusTCTBYIONIUX COOBITHIO A, PaBHO YHCIY CIIOCOOOB
0oTOOpaTh 0e3 Bo3BpalmieHus 3 mapa u3 4, T.c. m(A) =C;. IlosTomy

3 I

p(A)=MA) _Cr At 1 _ng
mQ) C2 6! 30

Yucio ucxonoB, 01aronpusATCTBYIOUIMX COOBITHIO B, paBHO umnciny cnocoOoB

BBIOpATh OAMH IIAp U3 YETHIPEX, m(A) = C, , mo3ToMy
1
p(B):MZ%:ﬂzlzo,z_
mQ) c¢ 6 5
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3ameuanue. [lpum pemennn 3amauum BakeH ObUT TOT (akT, dUYTO
MOSIBJICHUE JI000M MacTh paBHOBEpOSTHO. I[IpoBemeHHOE paccCykIeHue
OPUMEHUMO K 1000 CHTyaluu, KOrja BBIOMpaeMblii OOBEKT € paBHOI
BEPOSITHOCTBIO MPUHAJICKUT OAHOMY H3 HECKOJBKHX HENEPECEKAIIIUXCS
KJ1accoB. CKOJIBKO OOBEKTOB COACPKUT KaXK/bIN Kiacc (B HalleM ciaydae 9) npu
TOM HECYIIECTBEHHO — KOJMYECTBO MOXKET OBITh JIFOOBIM, Jake OECKOHEUHBIM.

4.2. Cxema BbI0Opa, MPUBOISIIASI K Pa3MelLeHUsIM ¢ TOBTOPEHUSIMH

[Ipy paccMOTpeHHH YIOPSAJOYEHHBIX BBIOOPOK C  BO3BpAICHHEM,
MOJTy4aeM CJICTYFOIIee MPOCTPAHCTBO IIEMEHTAPHBIX COOBITUI
Q={nv:0=(a,a,,..,a )8 =12,...,n},
TaK 4TO AJIEMEHTAPHBIMHU UCXOJaMHU OyIyT pa3MeIeHUs] ¢ TOBTOPESHUSIMH 3 N
1o K, urciio koTopeix B cuity (1.5) paBHO
m(Q)=k".

[Ipumep 2.5. HWmeercs 10 oOaUHAKOBBIX MIAPUKOB, KOTOpPHIE
cilly4ailHBIM 00pa3oM pacchlmaloTcs Mo 6 JyHkam (B OJIHY JYHKY MOXET
MIOMECTUTHCS JII000€ Yuciao mapukoB). CKOJIBKO CYIIECTBYET pPAa3IMYHBIX
cnocoboB pacnpeneneaus 10 mapukoB mo 6 myrkam? KakoBa BeposSTHOCTH
TOTO, YTO B pEe3yJbTaTe JAHHOTO ONBITA TEpBas, TPEThSI M YCTBEPTAs JTyHKHU
OKaXYTCS MyCTBIMH (TP 3TOM MOTYT OKa3aThCs IMYCTHIMH U €II¢ KaKhe-I0o
JTYHKH)?

Pemenune. IIponymepyeM nyHkH U MIapuKd. MOXHO CYUTATh, 4YTO
onbIT coctout B 10-kpaTtHOM BbIOOpe (T.e. kK =10) ¢ Bo3BpalieHuemM Homepa
AyHKH &, 1<@a <6, Tak d4ro 3JeMeHTapHbIM coObITHEM Oyzer 10-

KOMIIOHEHTHBINW yIOPSIOYEHHBI BEKTOP (ai, az,...,aio). Taxum oOpaszoM, ymncio
Bcex crnocoboB pacnpenenuth 10 mapukoB mo 6 JiyHKaM paBHO YHCITY
pa3MerieHnii ¢ moBTopeHusmu u3 6 mo 10, T. e. m(Q): 6.

CoObiTue A={mepBas, TpeThsi M YETBEPTas JYHKH OKAKYTCS MyCTHIMH }
COOTBETCTBYET TaKOMYy BEKTOPY (ai,ag,...,alo), KOMITOHEHTBI KOTOPOr'0 MOTYT

IpUHUMaTh JMIIb 3HAa4eHus & =2, 5, 6, mockonbky Homepa 1, 3 u 4 us3

paccMoTpeHus UCKiItoueHbl. [ToaTomy m(A) =3 lmeem

_m(A)_(3y"_ 1 _
p(A)_m_(g) = oo ~ 00009,
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§ 5. IToacuer BeposiTHOCTEH € MOMOIIBIO (OPMYJIbI
BKJIIOYEeHUH-UCKJIIOYECHHU I

Paccmotpum eme oo mpumenenue gopmydnst (1.12). Iyets KK,.. K, -
HEeKOoTopasi TepectaHoBka uucen 1,2,...N. ByaemM roBoputTh, 4TO B ITOM
IIEPECTAHOBKE YMCJIO | CTOMUT Ha cBoeM Mecre, ecnu K, =i. Hampumep, B
nepecraHoBke 52143 umcna 2 u 4 croAT Ha cBoeM Mecte. IlepecTaHoBKa
Ha3bIBACTCS OeCnopsiOKoM, €CITA HU OJTHO U3 €€ YHCEI HE CTOUT Ha CBOEM MECTe.

I[Tpumep 2.6. Halitu KomM4ecTBO OeCHOPSAIKOB, 00pa30BaHHBIX
yuciaamu 1,2,....N.

Pemenue. DTO KOMMYECTBO MOKHO TOJYYUTh, BBIUATAS U3 OOIIETO
Yyclia TEepecTaHOBOK N! dYHcio mepecTaHOBOK, B KOTOPBIX XOTA OBl OJIUH
3JIEMEHT CTOUT Ha cBoeM Mmecre. IlycTb A - MHOXECTBO INEPECTAHOBOK, Y
KOTOPBIX yKcio i, 1 =1,2,..n, crout Ha cBoeM Mecte. Toraa uckomoe uucio N
OecnopsiIKOB OyA€T paBHO

N=n-m(AU..UA)=ntYm(A)+ Ym(A NA)-

- Z_rrj(A1 NA mA3)+...+E—l)”m(AlmA; N..NA).
Oueuno, uto M(A )= (n—1)!, 3Haunt
> m(A)=n(n-1)!=nl.

AHaJornyHo,
m(A, N A,)=(n-2!), otkyna

> m(A NA)=CZ(n-2)=

1<i; <ip <n 2!

Hanee, M(A NA NA )= (n—3)!, Tak uro

n!
_|.

_ Ym(A nA,NA)=C] -(n—3)!=2—|!.
Teneps yxe BuaHa (_)IgIIIZ_I;:r;aKOHOMepHOCTB |
. d;;n&;&h NA N..OA) :rk]—:, k=12,...n,
Y MBI ITOJTy4aeM H}ll)KZH.}“/ICk)(l)OpMy.Hy | k
n! n! n n (-1
N:n!—n!+§—§+...+(—l) =n!k§0(k!) . (2.5)

Crnenyromasi BEpOsSITHOCTHAS 3ajjadya M3BECTHA B PA3HBIX (OPMYIUPOBKAX
(kak 3amada O MUChMax M KOHBEpPTaX, O PacCesSHHOW CEeKpeTapiie, O pasaade
MOJIAPKOB U T.II.) U OCHOBaHA Ha MOJICYETE YUCiIa OECIOPSAKOB.
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[Ipumep 2.7. Cekperapma A0KHAa OblIa BIOXKUTH N THCEM B N
3apaHee IOMINMCAaHHBIX KOHBEPTOB M paszociaare HX 1o azapecaM. llo
pPacCessHHOCTH OHA pa3joXWia IHCbMa CIy4YallHbIM 00pa3oM, IpH 3TOM B
KaXIbIii KOHBEPT IOMaJio MO MucbMy. Haiitu BeposiTHOCTh coObITHS A={XO0Ts
OBI OTHO MUCHMO OKA3aJI0Ch B HY’)KHOM KOHBEpTE}.

Pemenue. Bbynem cuurtath, uro Bce N! BapuaHTOB pacnpeneneHus

IMCEM M0 KOHBEPTaM PaBHOBEPOATHBI. UKCIIO BAPUAHTOB, B KOTOPBIX €CTh XOTH
OBl OIHO COBIAJEHUE MUChMa W KOoHBepTa paBHO Toraa N!-N, roe N - gucio

OecropsIkoB 00pa3oBaHHBIX uuciaamu 1,2,....N u ompenensiemMoe (GopMyioit
(2.5). Umeem

_neN 1—i(‘1)k | (2.6)

P(A
( ) nl k=0 k!

&)

k!

n
Bripaxenne ). €CTh N-sl YaCTUYHAsI CyMMa Pa3JI0KEHUS
k=0

el =§(‘k1!) . 2.7)

[Tostomy mpenen nmpaBoi yacTtu (2.6) mpu N —> 0o paBeH

lim P(A) =1 lim z@ -1

n— S k e

Psiz (2.7) oueHb OBICTPO CXOIUTCS, TAK KaK OILIEHKA OCTaTKa UMEET BH/I

el— i (_1)k| e

= k! \<(n+1)!

[ToaTOMy umCIIO 1-e1~0,6321 nmaer XOpoIIee MPUONIKEHUE IS UCKOMOM

BEPOATHOCTH YK€ NPU CPaBHUTEJILHO HEOOJbIIMX 3HaueHusx N. Hampuwmep,
npu N=06 mocieqHee PaBEHCTBO BEPHO C TOYHOCTHIO O 4 3HAKOB IIOCIE
3amATOM. 3aMETHM, YTO HAWJIECHHAs BEPOSITHOCTh CYIIECTBEHHO IPEBOCXOIUT

-1 o
BCPOSATHOCTD € TOr'o, 4TO HA OAHO IMHMCbMO HE IIOMNAaACT B HYKHBIM KOHBCPT.

3amaHus I CAaMOCTOATEILHOM PadoThI CTYICHTOB

2.1. W3 momHoro HaGopa momuHO (28 IMmMTYK) Haymady BHIOMpAOT 7
kocTer. KakoBa BEPOSITHOCTh, YTO CPEIM HUX OKAXKETCA IO KpalHEN Mepe OJIHA
KOCTb C IIECThI0 0Oukamu?[8]

Otset:1-CJ, /CJ, ~ 0,932

2.2. W3 pecatu mepBeIXx OYKB pycckoro andaBuTa Hayaady
COCTAaBJISIETCSI HOBBIN ai(aBUT, COCTOSIIIMNA U3 NATH OykB. HaliTu BeposiTHOCTH
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CIIEYIOIUX cOObITUI: A = {B cocTaB HOBOro aj(aBuTa BXOAUT OyKkBa a}, B =
{B cocTaB HOBOT0 aJi)aBUTa BXOJAT TOJBKO COTJIacHbIC OYKBHI}.[8]
Otser:P(A)=1/2;P(B)=1/42

2.3. Cpemu KaHIMIATOB B CTYACHUYSCKUH COBEeT (QakynpTeTa 3
NEPBOKYPCHHUKA, 5 BTOPOKYPCHHKOB M 7 TPETheKYpCHHKOB. M3 3TOr0 cocrtaBa
HayJlaqy BBIOMpAIOT TSTh YEJIOBEK Ha MPEICTOAIIYI KOoH(epeHiuto. HaiTtu
BEPOSTHOCTU  CICAYIOIIMX coObITH: A = {OyayT BBIOpaHBl OJIHU
TpeTheKypcHUKHU }, B = {Bce mepBoKypcHUKH momnaayT Ha KoHpepeHnuuw}, C =
{He OyneT BEIOpaHO HH OJTHOTO BTOPOKYPCHHUKA }.[8]

Otser: P(A)=1/143; P(B)=1/91; P(C)=1/143

2.4. U3 ypHbl, copepxaiieil m, + M, mapoB, U3 KOTOPBIX M, OeIbIX U

M, 4epHBIX, HayAady OTOMparoT Mimapos (M < min(m,;; m,)) ¥ OTKJIAJBIBAIOT B

cTopoHy. HallTu BEpOSATHOCTU CIEAYIOIIMX COOBITUH: A = {BC€ OTJIOKCHHBIC
apbl 0enbie}, B = {cpeau OTIIOKEHHBIX MIapoB poBHO k Oeibix; K <m}.[8]

C m C k C m—k
Otper:P(A)= —"—;P(B)=—2 "
my+m, Cm1+m2

UYucna 1,2,...,9 3anuceiBatoTcs B ciiydaitHoMm nopsiike. B 3agavax 2.5-2.7
HAlTH BEPOSITHOCTU yKa3aHHBIX COOBITHI.
2.5. A= {umucna OyayT 3alMCaHbI B OPsAKE Bo3pacTanus }.[8]
Otger:1/9!
2.6. B={uncna 1 u?2 OyayT CTOATDH PSAAOM U B MOPSIIKE BO3pACTAHUS |,
C = {uncna 3, 6 1 9 OyayT cTosITh psigoM}.[8]
Orger: P(B)=1/9;P(C)=1/12
2.7. D = {naderHpIx MecTax OyJIyT CTOATh YETHBIC uncaa}, £ = {cymma
KaXKIBIX JIBYX YHCEJI, CTOSALIMX HAa OJJUHAKOBOM PAcCTOSIHUU OT KOHIIOB, paBHa
10}.[8]
Otser: P(D)=1/126; P(E)=1/945

2.8. TI'pymma, cocTosias u3 8 4eIOBEK, 3aHUMACT MECTa 3a KPYIJIbIM
CTOJIOM B COy4aiiHOM mopsiake. KakoBa BEpOsATHOCTH TOTO, YTO MPH 3TOM JBa
OIPEICIICHHBIX JIUIA OKAKYTCS CUASIIUMHE psiiom[8]

Ortger: 2/7

2.9. B Texunyeckor OHOIMOTEKE HMEIOTCS KHHIHA II0 MaTEMATHKE,
¢du3uke, XUMUU U T.1.; Bcero no 16 pazgenam Hayku. [locTynmunu ouepenHsie
YyeTblpe 3aka3a Ha JauTeparypy. Cumras, 4Tto I000H COCTaB 3aKa3aHHOMN
JUTEpaTypbl PaBHOBO3MOXEH, HAWTH BEPOSTHOCTU CIEAYIOMIUX COOBITHI:
A={3aKka3aHbl KHUTY W3 PA3JIMYHBbIX pa3/eliOB HAayKW}, B={3aKka3aHbl KHUTU U3
OJITHOTO M TOTO K€ pa3jeia Hayku}.[8]

Ortgert: 0,74, 0,004
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2.10. B xonmurepckoir uMmeercs 7 BUIOB NHUPOXKHBIX. QuepemHoit
NOKynaTeNlb BbIOMI Y€K Ha 4 mupoxkHbIX. CuuTas, 4ro 000N 3aKa3bIBa€MBIil
HAO0Op THUPOXKHBIX PABHOBEPOSITEH, BBIUUCIUTH BEPOATHOCTH TOTO, UTO
MOKYIIATelb 3aKa3all: a) MUPOKHBIE OJTHOTO BUJA; 0) MUPOKHBIE PA3HBIX BUJIOB;
B) I10 JIBa IMPOKHBIX Pa3IMYHBIX BUIOB. [8]

Otser: a) 1/30; 6) 1/6; B) 1/10

2.11. bpocaercs 10 OAMHAKOBBIX WIpPalbHBIX KOCTEH. BbIYMCIHUTH
BEPOSITHOCTU CIEAYIONIUX COOBITUN: 4 = {HU Ha OI[HOPT KOCTH HE BBIIIAZET 6
oukoB}, B = {xots 61 Ha OJTHOM koctr Bemazer 6 oukos}, C = {poBHO Ha 3
KOCTSX BbIIajger 6 oukos}. [8]

Otset: P(A)=(5/6)" ~0,1615 ;P(B)~0,8385; P(C)~0,155

2.12. OnBIT COCTOUT B YETHIPEXKPATHOM BBIOOPE C BO3BpAIICHUEM OJTHOM
u3 OykB andasuta E={ a, 6, K, 0, M} U BBIKJIQJILIBAHUU CJOBa B TOPAJIKE
noctyrieHuss OykB. KakoBa BeposSITHOCTH TOTO, UTO B pe3ysbrare Oyner
BBLIOXKEHO CJIOBO Mama? [8]

Otser: 0,0016

2.13. B nmnomwbesne JoMa yCTaHOBJIEH 3aMOK ¢ KoaoMm. JIBepb
aBTOMATUYECKM OTHUPAETCS, €CIM B ONPENEJIECHHON MOCIeq0BaTENbHOCTH
HaOpath Tpu HUPBI U3 UMEOUMXCs necaTd. HekTo Bomien B Moabe3n U, He
3Has KOJa, CTaj HayJady npoOoBaTh pazinyHble KOMOUHAMK U3 Tpex udp. Ha
KOKIYyI0 TOombITKy OH Tpatur 20 cekyHna. KakoBa BeposITHOCTh COOBITHA
A = {BomreuieMy y1acTcsi OTKPBITh JBEpPb 3a 0uH 4ac}? [8]

Otgert: 1/4
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